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1 Introduction. 

The aim of analysis by discs is to see the possibility to reduce certain problems in several 
variables to problems in one variable. 

We shall work in the unit ball B of C n and a disc in B is a holomorphic mapping <fi : D — >B. 
The set of all discs in B will be denoted by Z>(B). 

The analysis by discs can be roughly stated the following way: 
suppose you have a several variables object O and a property V true for all discs <fi, for the one 
variable object "Co 0"; is the corresponding property V true for O ? 

In order to be more specific with examples, let me recall the definitions of Hardy and Bergman 
spaces in the ball. 



Definition 1.1 Let k E N then: 
A p k (M) := {/ E 0(B) / 



AlW ■= / \f(z)\ P (l-\z\ 2 ) k d\(z)<oc}. 

J IB 

H*>(B) := {/ G 0(B) / ||/||^ (B) := sup r<1 / |/K)| P Ax(C) < oo}. 

Jan 
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In order to have a natural problem in H P (M), the first question is: 
if / G H P (M) in what space of analytic functions in the unit disc / o is ? If is a "flat" disc, e.g. 
V£ G O, 0(C) := (C,0) G B C C 2 , then the "subordination lemma" [2] gives us that / o is in a 
Bergman space. Our main result generalizes this to any disc in B: 

Theorem 1.2 Let <ft(z) := (<f)i(z), <f> n (z)) be an analytic disc in the unit ball B of C n siicA that 
0(0) = and let 1 < p < oo, / G F P (B) t/ien: 

Jo 

This theorem allows us to give an example where the analysis by discs is possible for H p . 
* (H p Corona) Let O be g u g 2 in H°°(M) and V the property that 

V/ G H P (M), 3/ 1; f 2 G iP(B) with / = f l9l + f 2 g 2 
then one can easily prove that \gi\ + \g 2 \ > 5 > and using the Corona theorem in one variable 
one has: 

(Cp) 3C > 0, V0 G P(B), V/i G <_ 2 (B) 3hi, h 2 g A£_ 2 (B) 
such that hxgi o + /i 2 g 2 o (j> = h, \\hj\\ A p ^ < C, j = 1,2. 

Just take /ij := Xj^ where Xj ^ i?°°(D), pi o (pxi +J2 0X2 = 1- he. the property V is still true 
uniformly for all the discs. 

The analysis by discs is then: 
let gi ,g 2 G #°°(B) suci tiat fCpj is true, if f G H P (M) are there f u f 2 G i/ p (B) witi 

A^l + 725-2 = f ? 

The answer is yes, because one can prove that the condition (Cp) implies that \gi\ +\g%\ > 5 > 
in B and using the H P (M) corona we have the answer yes. 

So the same kind of question arises naturally for the interpolating sequences: 
** (H p interpolation) Let O be S = {cLk}ken C B a sequence of points in the unit ball B C C n . The 
property V is that S is interpolating for H P (M) (see definitions in secton0J). 

Our main theorem gives us a necessary condition on discs passing through S for S to be 
interpolating in H P (M): 

If S is H P (JB>) interpolating and if (a, 0) is a disc passing through S, i.e. 0(a) = S, then a is 
"almost" interpolating for a weighted Bergman class. 
But in contraste to the H p Corona case, we prove: 

Theorem 1.3 For any p G [1, oof, there is a sequence S mB 2 C C 2 such that all disc (a, 0) passing 
through S is such that a is interpolating for A p (3) with a uniformly bounded constant but S is not 
an interpolating sequence for H P (M). 

The hypothesis on the sequence S in the previous theorem is stronger than the necessary 
condition and the fact that nevertheless S is not H P (M) interpolating proves that the analysis by 
discs is not pertinent in the case of H P (M) with a finite p. 

These two questions, Corona and interpolating sequences, remain open for H°°(M). Following 
the question asked by J. Globevnik |7j, with P. Thomas |5 4 we already studied the interpolating 
sequences for H°°(M) from this point of view, and we obtain partial answer. 



2 



This work is organized the following way: 
in the first section we prove that the image by a disc in the ball B of C n of the Bergman measure 
(1 — |z| 2 ) n ~ 2 d\(z) of the unit disc is a Carleson measure in B. 

In the second section we characterize the pairs atj)j=x,...,N of points ctj G B, aj G D such that 
there is an analytic disc from D to B sending aj to aj. This theorem is a generalization of the 
Pick-Nevanlinna theorem. 

In section 3 we recall the definitions of interpolating sequences for Hardy and Bergman spaces and, 
because we shall need it, we recall that they are invariant by the automorphisms of the ball. 
Finally in section 4 we build the counter-example, i.e. we prove theorem 11.31 



2 A Carleson measure. 

The aim of this section is to prove that if : D — >B is an analytic disc in B such that 0(0) = 0, 
then: 

HV/e^B), / \fo<p( z )\ p (i-\z\ 2 r~ 2 d\(z)<C\\f\\ p p . 

Let \i be the measure in the ball B image by the map of the weighted Lebesgue measure A 
on the unit disc D; this means precisely: 

V/ G C(B), f M f dn = J D f o 0(1 - \z\ 2 r-* d\{z). 
On the other hand if the measure /i is Carleson in B, then: 

V/GiF(B), f |/| p dA*<INIcll/li;. 
where \\n\\ c is the Carleson norm of [i. 

Hence in order to get (*) it suffices to prove that fi is a Carleson measure in B. 

By the Carleson-Hormander characterization of these measures, it is enough to show: 

/ d/i< C5 2 . 

where Q((, 5) := {z G B, |1 — £ • z\ < 5} is the pseudo-ball centered in ( G <9B and of radius S. 

By invariance by complex rotation of the map 0, we can send ( to 1 = (1, 0, 0) and in fact 
it remains to show that: 

/ dii < C5 2 , with Q(l, 5) := {z G B, |1 - Zl \ < 5}. 

JQ(l, 5) 

Finally the definition of fi leads to show: 

d» = f Xd(i,a)W(l - \t\ 2 ) n - 2 d\(t) < C5 2 , 



IQ(1, S) 

with Xd(i,8)(t) the indicatrix of the disc d(l, 6) := {z G D / |1 — z\ < 8}. 
This will be achieved via a series of lemmas. 



Lemma 2.1 Let : D — >~B such that 0(0) = and suppose inner, i.e. the boundary values 0* 
of <fi are of modulus one, then the image by 0* of the Lebesgue 's measure da on T is the Lebesgue 's 
measure da on T. 

Proof: 

let / G A(V>) and set fi := 0V the image of the measure a by 0*, then: 
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fdn= / /o0*da = /o0(O), 
n Jt 

because a represents for A(D). But 0(0) = hence we have: 



/ 

Jt 



fdfi = f(0), 

it 

hence p also represents 0. By unicity of the representing measure of on T, we must have p = a.n 

Lemma 2.2 Let p be a probability measure on D which represents i.e. 

V/g A(p), J f(z)dp(z) = f(0); 
let v be its balayee by the Poisson kernel 

v^C(T), Jg(0M0 ■= f g(z)M*), 

where g(z) : = / P((; z)g(Q da(() is the harmonic extension of g in D. 
Then dv — da. 

Proof: 

let / G A{D) then f\j = f because / is harmonic in D, hence by definition of v we get: 



/(0<M0 = / f(z)df,(z) = f(0); 



hence v is a representing measure of supported by T and by unicity of the representing measure 
of on T we have v is the normalized Lebesgue measure a on T. □ 

Lemma 2.3 Let I := T n d(l,5) and I(z) the harmonic extension of the indicatrix xi of I , then 
the set 

A 5 := {z e D / I(z) > f } 
contains the disc d(l,5). 

Proof: 

we shall do it in the half plane, the computations being easier. The Poisson kernel is P(z,t) = 
— with z = x + iy; let I =] — 5, 5[ then 

(x — ty + y 2 

1{z) = L (x - W 2 + y" dt = l*± T+^' 

y 

t — X 

by the change u = , so we get: 

y 

' x + 5\ . ( x — 5 



I(z) = Arctan — Arctan 

\ y J 

hence if0<x<5, < y < 5 we get I(z) > Arctan(l) = \- □ 

Lemma 2.4 Let G if°°(B), 0(0) = 0; for < p < 1 let Vz G D, <j> p {z) := 4>{pz), then: 
|{C G T / 0,(C) G <2\I\ = AS. 

Proof: 

let p p be the image by <p p of the Lebesgue's measure a then we have: 
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f(z) dfi p (z) = fo p (C) da(() = f o p (O) = /(0). 

T , __ 

Hence p, represents 0; let v be the balayee by the Poisson kernel of /i, then by lemma E21 v = a. 

Now we have: 

I(z)dp p (z) = [ xiiOMO = I Xi(()da(() = \I\ = 25. 



JT JT 

On the other hand by definition of p we have: 

|J| = J I(z) dp p (z) — j I o (j> p (Q da((), 

hence / — dp p (z) < / I{z) dp p {z) < \I\, 

J{I(z)>n/4} 4 J{I(z)>tt/4} 
4 

and p p {As) < 

7T 

But p p (A s ) = J X A s (z)dp p (z) = j xa*°WQ da(() = \{( G T / P (C) 6 A s }\, 
hence |{C G T / p (C) G <- |/|. 

7T 

Theorem 2.5 Let <p(z) := (0i(z), <ft n {z)) be an analytic disc in the unit ball B o/C n suc/i i/ioi 
0(0) = 0, then the image p in M of the Bergman measure (1 — \z\ 2 ) n ~ 2 d\(z) on D is a Carleson 
measure in B. 

Proof: 

it is enough to prove that, p(Q(l, 5)) < 5 2 by rotation, with 11 : = (1, 0, 0) G <9B and 
Q(l, 5) := {z = {z u z n ) G B / |1 - Zl \ < 5}. 

So / Xq(w) dp(w) = / XQ(0i(^),-,0n(^))dA(^) < / XAt(<f>i(z))d\[z), 

D B 

because Q involves only 0i and As contains the disc d(l, 5) by lemma ESI 

But 0i (0) = which means by Schwarz lemma that <f>\{z) = zg(z) still with g : D — >B, hence 

in order to have that <f>i(z) G A$ we need to have: 

\z\ > 1-5 (2.1) 



Now applying the previous lemma to 0i we get: 
|{CgT/0 p (C)gA 5 }|<-5. 

7T 

We can compute the area of the set {zGD / G A^} by cutting it with circles of radius p with 

1 — 5 < p < 1 and we get: 

A({^ G D / Hz) G As}) < \{( G T / p (C) G A4| x |{1 - 5 < p < 1}\ < H 2 , 
and the theorem. □ 
As pointed out by J. Bruna, the one dimensional part of the previous proof can be sligthly 
shortened by use of the Littlewood's subordination lemma( 0, p. 10). 

Corollary 2.6 Let <f)(z) := (<f)i(z), <p n {z)) be an analytic disc in the unit ballM of C n such that 
0(0) = and let 1 < p < oo, / G H P (M) then: 

if 0^(1- \ z \ 2 r- 2 d\(z)<c \\f\\ p p . 
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Proof: 

the image is a Carleson measure and we can apply the Carleson-Hormander inequality. □ 

At this point one can ask for the converse of the previous corollary: 
suppose that / G if°°(B) and sup^ e x>(B) ||/ o (f>\\ A P ^ < C is it true that ||/||# P ( B ) < KCl 

The answer is no and the following counter-example was suggested by A. Borichev. 
In the unit ball B of C 2 take a inner function / such that /(0) = 0. This means that / G if °°(B) 
and |/*| = 1, a.e. on dB, where /* are the boundary values of /. We have that VA; G N, \\f k \\ p = 1; 
on the other hand, / o is still bounded by 1 in D and / o 0(0) = hence by Schwarz lemma we 
have |/ o (j>(z)\ < \z\. 

This implies that \\f k o 0||^ (p) < J \z\ kp d\(z) = hence 

sup^p) \\f k o 0|| Ap(D) < yj^T, J ^0 when k^oo, 
hence the constant K cannot be finite. 



3 A Pick-Nevanlinna theorem. 

Modifying the proof of the classical theorem of Pick and Nevanlinna by Nagy and Foias, we get: 

Theorem 3.1 Let a = {(Xk}k=i,...,N C D and v = {vk}k=i,...,N C B. There is a function f : D — >B 
such that VA; = 1, N, /(«&) = v k iff: 

N 1 - _ 

VA; = 1, N, \/h k G C, V fe fc /n ^ > 0. 

If B = D the unit disc, this is the Pick-Nevanlinna theorem. 

Let a G D and kJz) = — the Cauchy kernel associated to it and: 

1 — az 

E a := span{A; a , a G a} C iJ 2 (D). 
To a function / G if°°(0) let us associate the operator: 
V/i G 7r CT (/)/i := P^(7/>) e ^ 2 (B). 
This is clearly a anti-holomorphic representation of if°°(D) in £(iJ 2 (D)) and we have 

Va G (7, 7i a (f)k a = f(a)k a . 
Now to / = (/i, /„) : D — >B holomorphic, let us associate the operator: 

V/i G £ CT , 7c a (f)h := M/0/i, 7r a (/ n )/i) E H := H 2 (B>) © • • • © # 2 (D). 

Lemma 3.2 /// : D — >M then \\ir a (f) \\ op < 1. 

Proof: 
we have 

7r CT (/> = P E „®-(BE a (fih,...J n h); 
now the projection is a contraction and we have 

||(7 1 ^...,7^)||l 2(T)e ... eL2(T) = E / |7,(C)MC)| 2 do((), 

3=1 JT 
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hence 

„ n 

ll(7iV--J»*)|lWe*ro = / £K(Of WOi 2 MO < \\h\\ 2 L2{Tr 



So IM/)/^ 2 < ||(7A- J 7n' l )||l2 C De...e£2(^ ^ IN| 2 > 

and the lemma. □ 

Proof of the theorem : 
denote by Z the shift operator (multiplication by z) on H 2 (D) and also the shift on 

H := H 2 (B) © ■ • ■ © H 2 (B), i.e. V/i = (hi, G W — ►(^>0(*) = (^i(^), ^n(^))- 
These operators are isometries and we get easily: 

V/ G ff°°(D) n , vr CT (/)Z* = ZV„(/), 
because is stable by Z* and both diagonalize through the {k a , a G a}; in fact Z? Eg = ir a (z). 

Now let any / G H°°(B) n be such that VA; = 1, N, f(a k ) = v k and set T := ir a {f)e C(E a , H), 
and suppose that ||T|| op < 1 (which is equivalent to the condition in the theorem), then we have 
Z*T = TZ* on E a . We can apply the lifting of the commutant theorem: there is an operator 
f = (fi, ...,f n ) G C(H 2 (D), H) such that: 

(i) Te„ = T- 

(ii) \f\\ = \\T\\; 
(in) Z*f = TZ*. 

As in |I] (Hi) implies that Z*Tj = TjZ*, we know that this is the condition for Tj to be associated 
to a function fj G H°°(JB>), again as in 4] and T is the adjoint of the operator Tj of multiplication 

by f = (A,. ..,/„)■ 



By (ii) we get ||Ty| 



T 



< 1 hence / 



Finally by (i) we get that VA; = 1, N, f(a k ) = v k , and the theorem. □ 

The analogue for the polydisc is straighforward with the usual PN theorem: 

Theorem 3.3 Let a = {a k }k=i,...,N C D and v = {vk}k=i,...,N C D n . There is a function f : 
D — >W such that VA; = 1, N, ' f'(a k ) = v k iff: 



N 

Vm = 1, n, VA; = 1, N, Vh k G C, V fe fc fy ~ ^ fc > 0. 



Proof : 

just apply the PN theorem. □ 

4 Interpolating sequences and automorphisms. 

Definition 4.1 If S = {a k , k G N} is a sequence of points in M, then we define: 

f H (S) := {A = {X k } km I \M P (1 - kl 2 )" == l|A||^ < oo}. 

fceN 

This sequence space depends on the sequence S. The same for the weighted Bergman classes: 
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Definition 4.2 If S = {a k , k G N} is a sequence of points in B, then we define: 

Z\{S) ■= {A = {X k } ken I Y, ^ ^ - l^| 2 )" +m = : \\n V AuP < oo}. 

ken 

Now we can define the interpolating sequences for Hardy spaces: 

Definition 4.3 We say that S is interpolating for H P (M) with constant C if: 

VA G e H (S), 3f G iP(B) / VA; G N f(a k ) = X k and \\f\\ p < C \\\\\ H)p . 
The set of interpolating sequences for H P (M) will be denoted by IH P (M). 

And for the Bergman classes: 

Definition 4.4 We say that S is interpolating for A P (M) with constant C if: 

VA G i%(S), 3f G A P (M) I Vk G N f(a k ) = X k and ||/|U f(B) < C \\\\\ Aup . 
The set of interpolating sequences for A P (M) will be denoted by IA P (M). 

For the unweighted Bergman classes, i.e. I = 0, we shall set i^ (S) = £ P A (S) 

In a paper by Jevtic-Massaneda-Thomas jH], the authors prove the following theorem. 

Theorem 4.5 Let S = {a k } ke ^ cl be an interpolating sequence in A P (M) and $ be an automor- 
phism ofM then $(5) := { ( &(afe)}fceN C B is still an interpolating sequence in A P (M) with the same 
constant. 

The following theorem is in W. Rudin's book ( jHj, section 7.5): 

Theorem 4.6 Let ip G Aut(B), a := ^ _1 (0) then the linear operator: 

(l — I i 2 W p 
V/ G /F(B), Tf(z) := } W { 2n/ J o^{z), 

(1 — a • z) 

is an isometry, i.e. ||T/|| HP(B) = ||/|| HP(B) . 

Using it we get, exactly the same way as in the paper by Jevtic-Massaneda- Thomas jH], 

Theorem 4.7 Let S = {ctfcjfceN C B be an interpolating sequence in H P (M) and $ be an automor- 
phism o/B then &(S) := {$(afc)}fe e N C B is still an interpolating sequence in H P (M) with the same 
constant. 

In fact in pP I explicitly stated a unitary representation of the group Aut(B) in H 2 (M) which 
gives as a corollary the fact that if 2 (B) interpolating sequences are invariant by automorphisms. 
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5 Interpolating sequences and discs. 



In this section we shall give the counter example in the unit ball IB of C 2 and for 1 < p < oo. 

If S = {a k , k G N} is in IH P (M) and if (a, 0) is a disc through S, a = fc G N}, using 
automorphisms of the ball and of the disc, we may suppose that a = and ct — without changing 
the interpolating constants. 

We have: 

VA G l p H (S), 3f G H P (M) s.t. Vk G N, f(a k ) = \ k , 
hence, for any A G Ih(S), there is a g G A P (D) / ^(ajt) = A&, just take (7(2) :— f o <f>(z). 
So we have: 

Proposition 5.1 If S G IH P (M) then any disc (cr,<f>) passing through S is such that a is interpo- 
lating in A P (D) for l p H (S). 

But a in IA P (H)) means you can extend any A G P A {cr), and we have: 

Lemma 5.2 If (a, 0) is a disc through S with ao = 0, «o = 0, we have that 

1 1 2 i 1 2 

V7c G N, \ak\ < | arfe j /ience 1 — |afc| > 1 — | orfc | . 
Proof: 

(f> sends D into B hence it decreases the Gleason distance: 

d G {.a ,a k ) < d G (a ,a k ); 
because d G (a, b) := sup{|/(6)| ; feH°°, H/IL < 1, f\a) = 0} and if / G if°°(B) then 
g := fo<f> G so 
d G (a,/3) = sup{|^(/3)|; <? G iJ°°(lD>), Wg]^ < 1, «?(a) = 0} > d G (a, 6). 
Because a = 0, a — we have dG(a ,a k ) = \a k \ < \a k \ = da(a ,a k ) and the lemma. □ 

Corollary 5.3 If (a,® G V s , A G ^(5)=^A G ^(cr) and ||A|| A>p < \\X\\ Hjt . 

Proof: 

ll A ll^ == E W (! " l^l 2 ) 2 ^ E (! " l^l 2 ) 2 = U A HV □ 
feeN fceN 

Hence if a C D is interpolating for A P (D) it is interpolating in A P (D) also for £ P H (S). 
Now a natural question is: 

if S is a sequence in B containing 0, such that any disc (a, 0) passing through S is 
interpolating for A P (D) then S G IH P (M) ? 

We notice that this is stronger, by the previous corollary, that the necessary condition which 

is: 

a is interpolating in A P (B>) for £ P H (S). 

Despite this stronger condition the answer is no: 

Theorem 5.4 For any p G [1, oo[ ; there is a sequence S in B such that all disc passing through S 
is interpolating for A P (D) with a uniformly bounded constant but S is not in IH P (M). 
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Proof: 

take 1 < p < oo, we know that if a sequence a in D is enough separated, i.e. 

V(a,/3) G S 2 a#3, d G (a,/3) > 5, 
for a certain 5 = 5 P > then a is in Jv4 p (IB)) with an interpolating constant depending only on 5 

In [HI], K. Seip characterized the interpolating sequences for A P (B>) but here it suffices to use 
the result in [2] which is true also in several variables. 

Take a sequence S in B such that S cannot be contained in the zero set of a H P (M) function, 
but such that the points in S are separated by 5. 

This is easy to do: as in [2] just take for S a full net of points in B separated by 5. The 
following lemma tells us that S cannot be the zero set of any H P (M) function. 

Lemma 5.5 Suppose that the sequence S is such that for any point ( G <9B the admissible conver- 
gence region T((, a) := {z G B / |l — £ • z\ < a(l — \z\ 2 ) of aperture a contains an infinite number 
of points of S, then S cannot be contained in a non-trivial H P (M) zero set. 

Proof of the lemma: 

suppose that there is an H P (M) function / which is zero on S. We know that the Fatou convergence 
theorem is valid, which means that / admits admissible boundary values /* almost everywhere on 
<9B and / is the Poisson integral of /* ( 9 J §5.4, p72). 

Hence we have /*(C) = h m aG 5nr(c,a), a >(f( a ), a -£- C € dM; thus /* = a.e. hence / = 0. □ 

Taking a full net of points in B separated by S, one sees easily that, with a big enough with 
respect to 5, the condition of the lemma is satisfied. 

Then for any disc (a, 0) passing through S, the points of a are separated by at least S, hence 
a G Jy4 p (D) with a uniform constant. 

But S cannot be in IH P (M) because S is not contained in a non-trivial H P (M) zero set and this 
is a necessary condition: 

if S is H P (M) interpolating, then there is a function / G H P (M) such that f(a,i) = 1, V/c > 
1, f(a k ) = 0. Hence / is zero on ,S\{ai} and of course / is not identically 0. So the function 

g(z) := — - — ^ — -^—f(z) is still in H P (M), still not identically 0, and is zero on S, which proves that 
1 — ai • z 

S must be contained in the zero set of a H P (M) function. □ 
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